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Abstract  

In this paper, we investigated a cosmological situation that proposes a variation law in which a simple 
linear function of Hubble‟s parameter seems like a deceleration parameter that provides the scale 

factor.We have acquired the cosmological models that shows the universe starts to accelerateand 

increases exponentially with infinite time t. Hubble parameter gives the fixed value of deceleration 

parameter which acquires the required results of the field equations of Einstein. This parameter in the 
model is observed to be time subordinatewhich shows the development from initial decelerating 

period to the present accelerating period of expansion and supplies the biggest value and the fastest 

rate at which the universe is expanding.Model offers dynamically anisotropic expansion 
to theuniversewhich allows for symmetrical Bianchimetrics.  

 

Keywords:Cosmological Model, Constant deceleration parameter, Field Equations, Linear 
Equations. 

 

I.  INTRODUCTION  

Cosmology is analysis of the fundamental systems and movements of our cosmos which 

concernswith their foundation and growth. It also includes learning about the movementsof 

the heavenly bodies.The universe is not only isotropic but alsouniformaccording to the 

current condition of growth. In cosmology, the problem of cosmological constant 

is considered to be one of the greatest problem. In the Einstein‟s field equations, 

thiscosmological constant problem was primarily specified. This can be done by considering 

different values for cosmological constant.In recent years, there 

has been significantand essential evidence about therecognition of Lambda as an 

Einstein's cosmological constant.A theory of universecombines dynamic degrees of freedom 

with matter fields.Therefore throughdevelopment ofcosmos and formation of elements, (Λ) 

reduces to its current slight value as the universe is very old so this constant value is very 

small. 

The field equations of Einstein are a system of simultaneous nonlinear differential equations. 

In the field equations, 

physical solutions have been identified in the context of cosmology and  

Astrophysics. We propose properties of substance or properties of spacious for solving the 

field equations which require the metric of corresponding space ofKillingKramer and 

Schmutzer [1]. 

Pavon,D.[2] assumed the scale factor of principle of divergencegenerates thesolution to  field 

equations. The matter of several investigation for the solution of field equations of Einstein is 

specified by cosmologicalscale variableR (t).Pavon, D. [2], Holye, F. et al [3], Olson, T.S. et 

al. [4], Maia, M.D. et al. [5], Silveria, V. et al. [6, 7], Torres, L.F.B. et al. [8], Chen and Wu 
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[9]investigated cosmological models with cosmological termthat are equivalent to scale 

factor. According to the priorhistory, they examined lambda as varying(−2)𝑡ℎpower of 𝑅 

which is denoted as thescale factor. By deriving the value of lambda,Carvalho, J. C. et al. 

[10] considers the value of Λ = α R
-2

 + βH
2
 , in the metric of Robertson –Walker, R is 

indicated as the scale factor, H is signified as the Hubble parameter andamendable 

dimensionless parameters are signified as α, β. 

In thestructure of general relativity, Dirac [11] offered the proposal of variable gravitational 

constant G and also Lau [12] suggested the variationconnecting the variation of G withΛ. By 

applying thismethod, number of authorsA.-M. M.  Abdel-Rahman[13],Berman, M. S. et al. 

[14], Sister´o, R. F [15], Kalligas, D. et al.  [16], Vishwakarma, R. G. et al. [17-19], Pradhan, 

A., &Otarod, S [20], Singh, C. P., Kumar, S. et al. [21], Singh, J. P. et al. [22]explored 

Bianchies models. The latest papers of  Borges, H. A., &Carneiro, S [23] shows Bianchi 

form-I model with changing gravitational constant andlambda, asan isotropic and 

uniformsmoothuniverseoccupied with substance and a cosmological term that is equivalent to 

Hubble parameterH. 

The Prime purpose of proposed work is to explorewith variable lambda in the model of the 

perfect fluid which contains matter in the uniform Bianchi form-I, for the stiff matter.Say for 

stiff matter,the square of the Hubble parameter is proportionate to cosmological term,though 

we acquired the results of Einstein‟s equations. 

The manuscript leads by the series of sections as mentioned: In section 2, the basic 

definitions of the models are mentioned. In the division 3, their solution are obtained. In 

section 4, the conclusion drawn from the results. In section 5, the future research idea is 

given. 
 

 

II. THE METRIC AND FIELD EQUATIONS 

Line element 

 ds2 = dt2 - A2(t) dx2 -B2(t)  dy2 + dz2 …. (1) 

Defines the spatially uniform and anisotropic Bianchi type-I metric space time. 

Here the A, B are metric tensors (𝑐 = 1,8𝜋𝐺 = 1) that denotes cosmic time functions t. 

The cosmic matter represented by a perfect fluid of the energy momentum tensor 

Tij  = (ρ + 𝑝) vivj + pgij     …. (2) 

"𝑝"specifies its pressure, energy density of the cosmic matter is denoted byρ. 

The four velocity vector is denoted byvi , thereforeviv
i = 1. 

The equation of state is defined as   𝑝 = 𝜔ρ, 0≤ 𝜔 ≤ 1   …. (3) 

With time dependent G andlambda , the field equations of Einstein is specified as 

Rij −
1

2
R gij=Λ(t)gij − Tij  (8π𝐺(𝑡))     …. (4) 

In co-moving co-ordinate system, by using equation of metric (1) and equation of energy -

momentum tensor (2),  

Then (4)the field equation gives as 
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2B∗∗

B
 +  

B∗

B
 

2
 =   −8𝜋𝐺𝑝 +  Λ     …. (5) 

 

 
A∗∗

A
 + 

B∗∗

B
 + 

A∗B∗

AB
 = -8πG𝑝 + Λ       …. (6) 

 
2A∗B∗

AB
 +  

B∗

B
 

2

= 8πGρ + Λ       …. (7)  

“ ∗  ” ,denotes ordinary differentiation,with respect to the cosmic time t. 

 

Einstein tensor‟s equation, with respect to disappearing of divergence is given as 

 

8𝜋𝐺  ρ∗ + (𝜌 + 𝑝)  
A∗

A
 +

2B∗

B
  + 8π𝐺∗ρ + Λ∗ = 0   …. (8) 

The equation of energy conservation gives( 𝑇𝑖,𝑗
𝑗

= 0) 

 ρ∗ + (ρ + 𝑝)  
A∗

A
+  

2B∗

B
  = 0      …. (9) 

By substituting the value of equation (9) in the equation (8), we get 𝐺 and Λ coupled field 

specified by  

 8π𝐺∗ρ +Λ∗  =0        …. (10) 

The equation (10) representingas lambda (Λ) is a constant when 𝐺 is a constant. 

       

 By substituting the value of equation (3) in(9) equation, also byintegrating,  

 𝜌 = 
k

 R3 (ω+1)         ….(11) 

here 𝑘 signifies as the constant of integration that is 𝑘> 0  

Volume of this model is specified by           

 

      𝑉 =    𝑅3 = 𝐴𝐵𝐶                                                                                       …. (12) 

  

We define Average scale factor 𝑅 is   𝐴𝐵𝐶 
1

3   of locally rotationally symmetric 

  Bianchi type− 𝐼universe. 

From the equations (5), (6) and (7) 

 
A∗

𝐴
 - 

B∗

𝐵
 = 

𝑘1

𝑅3 …. (13) 

The Constant of integration is denoted by k1. The Hubble-parameter is denoted by „H‟, and 

deceleration parameter is denoted by q , 𝜍  is shear and θ  is the volume expansion. 

𝜃 = 3𝐻 =
3R∗

𝑅
, 

𝜍 = 
𝐾

 3𝑅3 , 
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𝑞 =  − 1 −
H∗

𝐻2=−
−𝑅R∗∗

 𝑅∗ 2
 

In terms of H, 𝜍 and q, the equations (5) to (7) and also equation (9) can be specified by 

(2𝑞 –  1)𝐻2–𝜍2
 = 8𝜋𝑝𝐺–Λ ,      …. (14) 

 

 3𝐻2 – 𝜍2
 = 8𝜋𝜌𝐺 + Λ  ,    …. (15) 

 ρ∗ +  3(𝜌 + 𝑝)
R∗

𝑅
 = 0        …. (16) 

According to Overduin, &Cooperstock, [40] 

 ρc = 
3H2

8πG
    consider as critical density     …. (17) 

 ρv  = 
Λ

8πG
    specifies as vacuum density   ….(18) 

 Ω = 
ρ

ρc
  = 

8πGρ

3H2    consider as density  parameter  …. (19) 

 By substituting these values in the equation (15), we acquire 

 
3𝜍2

𝜃2  =  1 −
(24πGρ)

H2 −
3Λ

𝜃2  

 Signifies that forΛ ≥ 0 

 0 ≤
𝜍2

𝜃2 ≤
1

3
  ,  

0 ≤
8πGρ

𝜃2 ≤
1

3
 

Therefore the existence of negative lambda gives more for anisotropywhereas positive 

lambda lowers the upper limit of anisotropy. 

From (14), and (15), we have  

 
𝑑𝜃

𝑑𝑡
= −12𝜋𝑝𝐺 −

3

2
𝜍2 +

3

2
Λ −

𝜃2

2
 

 = −12𝜋𝐺 𝜌 + 𝑝 − 3𝜍2 

That indicates, during the evolution of time, the rate of volume extensionreduces and 

therefore theexistence of positive lambda implies that 

theuniverse is slowing down its rate ofdecaywhereas a negative lambda would support it. 

𝜍∗ =  −
 3𝜍 𝑅

𝑅

∗
 

It indicates thatin the growing universe, the value of 𝜍  reduces and for infinitely value of 𝑅.  

the value of 𝜍 is insignificant. 

III. SOLUTION OF THE FIELD EQUATIONS 
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Five equations in six unknowns (𝐴,𝐵, 𝜌, 𝑝, 𝐺 𝑎𝑛𝑑 𝛬) are provided by the system of equations 

(3), (5) –(7) and (10).Forcompletelysolving thesystem, an extra equation is required.Number 

of authors recognized the decline of lambda. Lambda approaches to (−2)𝑡ℎpower of 𝑎 which 

is denoted as the scale factor in the metric of Roberston –Walker, examined by Chen and Wu 

[9]. Lambda approaches to (−3)𝑡ℎpower of 𝑎 which is represented as the scale factor, 

examined by Pavon, D. [2],Holye, F. et al. [3], Olson, T.S. et al. [4], Maia, M.D. et al. [6], 

Silveria, V. et. al. [7, 8], Torres and  L.F. B. et al. [9]  observed  the value of lambda 

approaches to (−𝑚)𝑡ℎpower of 𝑎which isindicated as  scale factor where value of  m is 

constant. 

 

 Λ= 
𝑎

𝑅𝑚
 ,  signifies a  decaying vacuum energy density.                         …. (20) 

By substituting the equations (11) and (20) in the equation (10), then 

 𝐺 = 
a m

8πk
  

R3ω+3−m

3ω+3−mk
         …. (21) 

 By using the equations (13), (18) and (19), we acquire 

  𝑅∗∗

𝑅
+ 2  

 𝑅∗

𝑅
 

2

−
𝑎𝑚 1−𝑤 

2 3𝜔+3−𝑚 𝑅𝑚
−

𝑎

𝑅𝑚
= 0      …. (22) 

 

3.1       When the value 𝝎 =0 then Vacuum solution 

When the value𝜔 = 0,  

The value of the equation (22) turn into 

 

 
R∗∗

R
 +2  

R∗

R
 

2
 –a(m−6)

2(m−3)

1

Rm  = 0       …. (23) 

 

Toacquirethe time progression of Hubble parameter,integrate the equation (23) 

 
R∗

R
 =  𝐻 =    

𝑎

3−𝑚
 
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

−1

     …. (24) 

here𝑡0 is a constant,  

To acquire the value of scale factor, using the equation (24) 

 𝑅 =   
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

2/𝑚

      …. (25) 

 

By substituting the equation (25) into the equation (13) ,the equation of metric (1) exist as  

 𝑑𝑠2 = 𝑑𝑡2 + 
𝑚 

2
  

𝑎

3−𝑚
 𝑡  +  𝑡0 

4

𝑚

× 
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  −𝑚1 
2 𝑒𝑥𝑝 2  

8𝑘1

3
  

3−𝑚

𝑎
 

1

𝑚−6
 
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

𝑚−6

𝑚

 𝑑𝑥2 −

 𝑚2 2exp2−4𝑘133−𝑚𝑎1𝑚−6𝑚2𝑎3−𝑚𝑡+𝑡0𝑚−6𝑚(𝑑𝑦2+𝑑𝑧2)…. (26) 

Here m1 and m2 signifies as constants. 

From the above model (26), 𝜌 is denoted as matter density,𝑝    is denoted as pressure and 

𝐺 signifies as gravitational  constant , Λ is denoted as cosmological constant and the spatial 

volume is denoted as V are specified as 

 𝑉 =  
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

6/𝑚

 ,      …. (27) 

 𝜌=
𝑘

 
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

6
𝑚

  ,      …. (28) 

for𝑝 =  0 ,         …. (29) 

G = 
𝑎𝑚

8𝜋𝑘   3−𝑚 
 
𝑚

2
  

𝑎

3−𝑚
 𝑡  +  𝑡𝑜 

2

𝑚
 (3−𝑚)

     …. (30) 

 

 Λ = a 
𝑚

2
  

𝑎

3−𝑚
  𝑡 + 𝑡𝑜 

−2

       …. (31) 

 

 𝜃is denoted as expansion scalar,  𝜍is signifies by shear 

 𝜃 = 3 
𝑎

3−𝑚
 
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

−1

      …. (32) 

 𝜍 = 
𝑘

 3
 
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

−6/𝑚

      …. (33) 

 Ω = 
𝜌

𝜌𝑐
 = 

𝑚

3
  is the density parameter     …. (34) 

 For acquiredmodel, value of deceleration parameter q  specifies as  

 q = 
𝑚

2
 -1         …. (35) 

 𝜌𝑣is denoted  as the vacuum energy ,𝜌𝑐 is denoted as density critical density are 

 𝜌𝑣  =  
𝑘 (3−𝑚)

𝑚
 
𝑚

2
  

𝑎

3−𝑚
 𝑡  + 𝑡0 

−6/𝑚

     …. (36) 
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 𝜌𝑐  = 
3𝑘

𝑚
 
𝑚

2
  

𝑎

3−𝑀
 𝑡  + 𝑡0 

−6/𝑚

      …. (37) 

From the given model (26), it has been noticed that for0 < 𝑚 < 3, If  t = t‟ then value of the 

spatial volume 𝑉 = 0  and  

also the value of   𝑡′ =  
−𝑡0

𝑚

2 
 

𝑎

3−𝑚

  and the value of 𝜃which is denoted as expansion scalar is 

infinite, that displays that our space begins togrowat t=t‟ with zero volume and an infinite rate 

of development. At primary era, point type singularityis displayed by the space time. When 

there was initial singularity,at energy density the shear scalar deviates. Whentrises the value 

of scale factors and spatial volumerises,whereas expansion scalar declines.With 

increasingtime,rate of growth slows down. And 𝜌,𝜍,𝜌𝑣 ,𝜌𝑐 , Λ reduces t rises. Moreover the 

value of  𝜌, 𝜍, 𝜌𝑐 , 𝜌𝑣 , ad  Λ tend to zero, as t → ∞then value of scale factors and volume 

become infinite.  

Since huge time t, the model would basicallyprovideavoid universe. When trises,the value of 

G(t) also rises and at t =t‟ value of the gravitational constant G (t) is zero. 

Abdel – Rahman [13], Abdussattar [17], Chow [24],Levitt [25] andMilne [26] examined the 

sectional list of cosmological models wherever the gravitational constant is growing. 

The proportion
𝜍

𝜃
 approaches to zero as t approaches to ∞ offered m< 3.  

Above model tends to isotropy for the hefty value of t. thus it signifies shearing, non-rotating 

and growing model for the cosmos with a big bang start approaching to isotropy at late times.  

This has examined       while   𝑞 < 0, 𝑓𝑜𝑟 0 < 𝑚 < 2,  

  𝑞 = 0, 𝑓𝑜𝑟 𝑚 = 2, 

              𝑞 > 0;  𝑓𝑜𝑟 2 < 𝑚 < 3  

 

IV. CONCLUSION 

 In this manuscript we have acquired the cosmological models that shows the universe 

starts to accelerate and increases exponentially with infinite time t.  

 Model(26) concludes dynamically anisotropic expansion to the universe 

which allows for symmetrical Bianchi metrics. 

 Hence the space starts through a deceleratingextensiondeviates and the 

growthdeviates through decelerating phase to accelerating one.  
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 With Supernovas la astronomical observations, this cosmological scenario is in 

accordance whichoffers a unified description of the growth of the cosmos.   

    

V. FUTURE SCOPE 

With the advancement in astrophysical studies and latest technologies, there is lot more to be observed, 

analyzed and learned in our never-ending universe. According to multiverse theory, there can be possibilities of 

many alternative universes with different timelines, different laws of physics, never-ending possibilities, and new 

concepts. 
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