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Abstract 
 

We have proposed accelerated homotopy perturbation transformation method (HPTM) for the 

solution of KdV equations of order three and four. The proposed technique is a blend of  

“homotopy perturbation technique” and “Laplace transformation” and include a new form 

of He’s polynomial for handling the nonlinear terms present in the equation. The result 

obtained from the proposed method shows the reliability, effiectiveness and applicability of 

this method for solving such complex nonlinear partial differential equations. 

1. Introduction 

KdV equation was presented by de Vries  and Korteweg in 1895. The equation has numerous 

applications and is used to portray countless wonders of astrophysical and physical 

phenomena like wave phenomena in enharmonic crystals; the waves that occur in shallow 

water waves; ion-acoustic waves that occur in plasma; solitary waves etc. Solitons have very 

interesting properties as these are waves transmit with same shape and constant velocity and 

even after mutual collision these waves remain stable. KdV equation represents the 

mathematical model of the solitons. Wazwaz [9] has applied Adomian decomposition method 

(ADM) to obtain the one and two soliton solution of KdV equation. Kaya and Aassila [10] 

implemented ADM to obtain the homogeneous and non-homogenous KdV equations. Kaya 

and El-Sayed [11] applied ADM to find the solution of fifth order and generalized KdV 

equations and further, the condition of convergence of ADM is also discussed. Kaya [12] used 

ADM to obtain the generalized KdV equations of order three and four. Yildrim [13] applied 

homotopy perturbation method (HPM) to find the solution of modified KdV equation. 

Kazeminia et.al. [14] employed variational iteration method to solve the generalized KdV 

equation of order three and four. Sharma et.al [15] have applied Homotopy perturbation 

transformation (HPTM) to find the solution of fifth order KdV equation and in [16]  the 

solution of some fractional nonlinear partial differential equation is obtained by using 

homotopy perturbation Sumudu transformation method. Further,  Sharma et.al. [4] used 

HPTM for solution of coupled nonlinear PDE’s and they have applied Accelerated homotopy 

perturbation transformation method, which is blend of HPM [1-2] and Laplace 

transformation. Khan [7-8] introduced HPTM by combining HPM with Laplace 

transformation for the solution of nonlinear equation using He’s polynomial. Here, we have 

used a new form of He’s polynomial introduced by Kalla [3] which accelerate the 

convergence of the HPTM. 

2.Accelerated HPTM  
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To elucidate the proposed technique, consider the following nonlinear equations. 

  

  
                        with condition             

 (1) 

On applying Laplace transformation to eq. (1) , we have 

 {
  

  
                }   {      } 

(*) 

Applying  properties of Laplace transformation to eq.(*), we get 

 ̅      
 

 
        

 

 
 {       {                }} 

(2) 

Further, operating inverse Laplace transformation to eq.(2) gives, 

                  {
 

 
  {       {               }}} 

(3) 

Now, appling homotpoy perturbation method, we have 

       (              )

  (           {
 

 
  {       {               }}}) 

where         is a parameter. Let 

       ∑     

 

   

 

(4) 

and  

        ∑  ̃    
   , 

(5) 

where  ̃  represents accelerated He’s polynomial with   

 ̃                      ∑  ̃ 
   
   ,     

(6) 

Where  ̃          , and                   . Using (4), (5) and (6) the 

eq. (3) gives, 

∑       
             {

 

 
  {       { ∑      

    ∑  ̃    
   }}} (7) 

Now, comparing coefficients of the like power of  , we have 
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         {
 

 
  {         {     ̃ }}} 

          {
 

 
  {     ̃ }} 

  

Hence, the solution of eq.(1) is obtained by taking    , i.e. 

         ∑   

 

   

 

3.Condition of convergence of  Accelerated HPTM 

Here, we emphasize on condition of convergence of the above introduced method. 

Theorem 3.1: Let   and    be elements of a Banach space, then that the series   

         ∑     

 

   

 

converges  to the solution of eq.(1) if ‖    ‖   ‖  ‖ , where      .This conditions of 

convergence of the series is proved in [5-6].  

  

4.Application of Accelerated HPTM 

Third order KdV equation:The generalized third order KdV equation is given as  

  

  
        (

  

  
)  

   

   
   

Example 1: Consider the third Order KdV equation [20]: 

  

  
        (

  

  
)  

   

      ,         
 

 √         

(8) 

The closed form of solution is given as         
 

  √           , where  ,  ,   and   

are constants,   
           

     and   
   

   . In this case we have chosen    . 

On applying Laplace transformation to eq. (8), we get 

 ̅      
 

 
         

 

 
 {(

   

   
)         (

  

  
)} 

(9) 

Now operating Inverse Laplace transformation to eq. (9), we have 
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                  {
 

 
  {(

   

   
)         (

  

  
)}} 

(10) 

Now apply HPM i.e.        ∑   
 
           eq.(10) reduces to 

∑      
              {

 

 
  {  ∑   

 
           ∑  ̃    

   }} , 

(11) 

where  ̃  is accelerated He’s polynomial, where the initial couple of terms of  ̃  are given 

as: 

 

 ̃    
     

 ̃     
          

      
          

    
         

           
   

    

      
       

     

  

On equating the term containing same power of   on the both sides of the eq. (11), we get  

              
 

 √        , 

          {
 

 
  {         ̃ }} 

 
 

  
   ⁄                                  ⁄          

          {
 

 
  {          ̃ }} 

    
 

           
   ⁄                ⁄                              
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   (                                         

                           
                               
                                               

                                           )          
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The solution of eq.(8) is given by        ∑      

    as     i.e. 
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Table1: The computed value of        when         ,       and            

 

                                 

                                          

                                          

                                          

                                          

                                          

                                          

                                          

                                          

                                        

                                          

                                          

                                          

                                          

                                         

                                          

                                          

 

 

      Fig.1 : Approx.       , 
(when         and         ) 

         and       
 
 

Fig.2: Exact       , 
(when         and         ) 
         ,       and           

      
 
 

         and       
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Fouth order KdV equation: The generalized fourth order KdV equation is given as  

  

  
             (

  

  
)  

   

     . 

Example 2: Consider the fourth order KdV equation [20]: 

  

  
         (

  

  
)  

   

      ,         √         

         (12) 

Closed form of solution of this equation is given by          √           , where  , 

    and   are constants i.e.   
           

     and   
   

   . 

 On applying Laplace transformation to eq. (8), we have 

 ̅      
 

 
         

 

 
 {(

   

   
)          (

  

  
)} 

(13) 

Now operating Inverse Laplace transformation to eq. (9), we have 

                  {
 

 
  {(

   

   
)          (

  

  
)}} 

(14) 

Now apply HPM i.e.        ∑   
 
           eq.(10) reduces to 

∑      
              {

 

 
  {  ∑   

 
            ∑  ̃     

   }} , 

(15) 

where  ̃   is accelerated He’s polynomial, where the initial couple of terms of  ̃   are 

given as: 

 ̃      
    , 

 ̃       
           

      
           

     
          

      

      
   

           
        

     

  

 

On equating the term containing same power of   on the both sides of the eq. (11), we get  

              √        , 

           {
 

 
  {          ̃  }} 

   
 

   
                ⁄                                   

                
 

          {
 

 
  {          ̃  }} 
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The solution of eq.(8) is given by        ∑      

    as     i.e. 
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Table2: The computed value of        when         ,       and            

 

    Approx.       Exact        

0 0 0.3375 0.3375 

0 1                                        

0 2                                        

0 3                                       

1 0                                       

1 1                                         

1 2                                       

1 3                                      

2 0                                       

2 1                                        

2 2                                        

2 3                                       

3 0                                         

3 1                                        

3 2                                        

3 3                                       

 

 

 

5.Conclusion 

 

 

In this paper, we have applied accelerated  HPTM for the series solution of KdV equations of 

order three and four. In these equations, the nonlinear term        (
  

  
) and 

      Fig.3 : Approx.       , 
(when         and         ) 

         and       
 
 

Fig.4: Exact       , 
(when         and         ) 
         ,       and           

      
 
 

         and       
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(        (
  

  
)) are handled with accelerated He’s polynomial. In Table 1 and table 2, we 

have compared the approximate solution acquired from Accelerated HPTM upto second order 

with the exact solution. We have used mathematica software 11.1 for plotting the surface 

graph and calculated tabulated value.. Fig. 1,3 and 2,4 represents the surface graph obtained 

from the computed value of        and        and the exact value of        and         for 

constants                               .As the solution obtained from the 

proposed technique is close to the exact solution. Hence, we conclude that the accelerated 

HPTM technique is reliable and efficient technique for solving  such typical nonlinear PDEs. 
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