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Abstract

We have proposed accelerated homotopy perturbation transformation method (HPTM) for the
solution of KdV equations of order three and four. The proposed technique is a blend of
“homotopy perturbation technique” and “Laplace transformation” and include a new form
of He’s polynomial for handling the nonlinear terms present in the equation. The result
obtained from the proposed method shows the reliability, effiectiveness and applicability of
this method for solving such complex nonlinear partial differential equations.

1. Introduction

KdV equation was presented by de Vries and Korteweg in 1895. The equation has numerous
applications and is used to portray countless wonders of astrophysical and physical
phenomena like wave phenomena in enharmonic crystals; the waves that occur in shallow
water waves; ion-acoustic waves that occur in plasma; solitary waves etc. Solitons have very
interesting properties as these are waves transmit with same shape and constant velocity and
even after mutual collision these waves remain stable. KdV equation represents the
mathematical model of the solitons. Wazwaz [9] has applied Adomian decomposition method
(ADM) to obtain the one and two soliton solution of KdV equation. Kaya and Aassila [10]
implemented ADM to obtain the homogeneous and non-homogenous KdV equations. Kaya
and El-Sayed [11] applied ADM to find the solution of fifth order and generalized KdV
equations and further, the condition of convergence of ADM is also discussed. Kaya [12] used
ADM to obtain the generalized KdV equations of order three and four. Yildrim [13] applied
homotopy perturbation method (HPM) to find the solution of modified KdV equation.
Kazeminia et.al. [14] employed variational iteration method to solve the generalized KdV
equation of order three and four. Sharma et.al [15] have applied Homotopy perturbation
transformation (HPTM) to find the solution of fifth order KdV equation and in [16] the
solution of some fractional nonlinear partial differential equation is obtained by using
homotopy perturbation Sumudu transformation method. Further, Sharma et.al. [4] used
HPTM for solution of coupled nonlinear PDE’s and they have applied Accelerated homotopy
perturbation transformation method, which is blend of HPM [1-2] and Laplace
transformation. Khan [7-8] introduced HPTM by combining HPM with Laplace
transformation for the solution of nonlinear equation using He’s polynomial. Here, we have
used a new form of He’s polynomial introduced by Kalla [3] which accelerate the
convergence of the HPTM.

2.Accelerated HPTM
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To elucidate the proposed technique, consider the following nonlinear equations.

22+ Lp(x,t) + Nop(x, £) = G(x, £) with condition ¢(x, 0) = k()

1)

On applying Laplace transformation to eq. (1) , we have

0
£20 4 Lp( ) + N (e 0] = £160x 1)

(*)

Applying properties of Laplace transformation to eq.(*), we get

— 1 1
¢(x,s) = 5 ¢(x,0) + ;L{G(x, t) —{Lod(x,t) + Nqb(x,,t)}}

)

Further, operating inverse Laplace transformation to eq.(2) gives,

1

3)

Now, appling homotpoy perturbation method, we have

0=>1-p)(oCx 1) — ¢(x,0)
1
+p <¢(x, t)— L7 {; L{G(x, t) = {Lo(x, 1) + N (x, t)}}}>
where p € [0,1] is a parameter. Let
d(x,t) = z dnp"
n=0

(4)

and

N¢ (xl t) = Zﬁ:o anna

()

where H,, represents accelerated He’s polynomial with

Hn(¢0' ¢1' ¢2 ] ¢n) = N(Sn) - Z?=_01 Hii n=1

(6)

Where Hy = N(¢(x0)), and S, = (¢g + P1 + ¢ + -+ ). Using (4), (5) and (6) the
eqg. (3) gives,

Sico dnp" = $0c0) +pL7 LW 0) = (L Zio b + o B} )
Now, comparing coefficients of the like power of p, we have

pO: ¢0 = ¢(xr O)
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ptip, =L71 {1 {‘P(x y,t) —{Loo + HO}}}

S

1 ~
p*ip, =L {; L{L¢1 + H1}}

Hence, the solution of eq.(1) is obtained by taking p — 1, i.e.

¢(x,y,t) = i bn
n=0

3.Condition of convergence of Accelerated HPTM

Here, we emphasize on condition of convergence of the above introduced method.
Theorem 3.1: Let ¢ and ¢,, be elements of a Banach space, then that the series

d(x,y,t) = Z GnD"
n=0

converges to the solution of eq.(1) if ||¢n+11l < kll@, |l , where 0 < k¥ < 1.This conditions of
convergence of the series is proved in [5-6].

4.Application of Accelerated HPTM

Third order KdV equation:The generalized third order KdV equation is given as

¢+¢p( t)(qb) P _

0x3

Example 1: Consider the third Order KdV equation [20]:

2 4 e 0) (2) +22 =0, ¢(x,0) = A+ fsechlkx]
t)

1
The closed form of solution is given as ¢ (x,t) = A+ \/sech[kx — ct], where A, k, m and ¢

are constants, A = sz

4k? .
and c = —-In this case we have chosen p = 4.

On applying Laplace transformation to eqg. (8), we get

3
Bx,8) =~ b(x,3.0) ——L{(a ¢) + e 0) (52 )}

9)

Now operating Inverse Laplace transformation to eg. (9), we have
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1 03 0
Pt = px,0) - L7 {; of(52) + oo (g)}}

Now apply HPM i.e. ¢(x,t) = Y7—o dn (x, t)p™ €q.(10) reduces to

2%:0 d)npn = d)(x, 0) - L_l E L{((Zﬁ:o d)n pn)xxx) - Zﬁ:o ann}} )

(10)

(11)
where H,, is accelerated He’s polynomial, where the initial couple of terms of H,, are given

as:

Ho = ¢g¢0x
Hy = 4¢3 PoxP1 + 605 Pox i + 4doPox®t + P D1x + 4 D3 P11y + 6 PGP D1,
+ 4dodiPrx + PT D1y

On equating the term containing same power of p on the both sides of the eq. (11), we get
1
p°: ¢y = Pp(x,0) = Az /sech[kx],
1 (1 ~
pip,=—-L ; L{(d)Oxxx) + HO}

= %A1/4kt(8A — 29k? + k?cosh[2kx])sech[kx]”/?sinh[kx]
pz: ¢ = —L7! {% L{(¢1xxxx) + Hl}}

- 64424;09440A1/4k2t28ech[kx]37/2(—4801167360A2 + 68266598400Ak>
— 188686502400k* + 872939520A4*k?t? — 943865856043 k*t>
+34024181760A4%k°®t? — 40889949120Ak®t? — 387973120A%k*t*

4 7213875200A45k°t* — 536585011204%k8t* + 199581670400A3k1°t*
—3712053712004%k2t* + 2761904203354k *t*
+80(—3667584096k* + 7012352A4%k*t* — 13097369645k °t*
+ 1024A*k?t?(6240 + 955577k°t?)
— 1280A4%k*t?(52992 + 2855675k°t?)
— 24k*(—668608512 + 141448200k%t% + 2550356323k 2t*)
+ A%(—96104448 + 239958720k°t? + 6827217235k*2t*) ) cosh[2kx]
—40(3068232192k* + 4980736A%k*t* — 94732288A45k°t*
+ 81924*k*t?(2784 + 87923k°t?)
— 64A3k*t%(3890016 + 42758435k°t?)
— Ak?(1163255808 + 1098647808k°t? 4+ 3943752421k*?t%)
+ A?(92454912 + 905865984k°t% + 5195650100k '?t*))cosh[4kx]

P2 =

Page | 1584 Copyright © 2019Authors



THINK INDIA JOURNAL

ISSN:0971-1260
Vol-22-1ssue-37-December -2019

+(—65961984042% + 2977628160Ak* — 2020193280k* — 578027520A*k?*t>
+ 6157762560A4%k*t? — 21858094080A4%k°t? + 25852872960Ak8¢t>
+ 26214400A4%k*t* — 532152320A4%k®t* + 4293795840A%k8t*
— 1722854400043k °t* + 3440049288042 k% t*
— 273608865604k t*)cosh[6kx]
+(365690880A42 — 8875376640Ak? + 28089169920k* + 39321600A4*k?t>
— 529367040A43k*t? + 2280960000A4%k°t?Cosh[8kx]
— 3185452800A4k%t% + 6881280A4%k°t* — 106250240A*k8t*Cosh[8kx]
+ 614302720A3k1°t* — 1576373440A%k1%t*
+ 1515008460Ak**t*)cosh[8kx]
+(286064640A% — 51757056004k? + 15372057600k* + 66846720A4*k>t?
—731381760A43k*t? + 2660981760A4%k°t? — 3219621120Ak8t>
+ 696320A4*k8t* — 793600043k °t* + 3012760042k %t*
— 380990404k t*)cosh[10kx]
+(8060928042% — 1239613440Ak? + 3512586240k* + 958464043 k*t>
— 705024004%k°t? + 129484800Ak8t% + 3328043k 10t*
— 251360A4%k*?t* + 4743604k t*)cosh[12kx]
+(8847360A% — 89456640Ak? + 210896640k* + 414720A%k°t? — 1539840Ak8¢t?
+ 720A%2k12t* — 2720Ak*t*)cosh[14kx]
+(7987200Ak?C — 29928960k* + 4800Ak8t? + 5Ak**t*)cosh[16kx]
+ 3840k*cosh[18kx]
+(—2988441600A43kt + 21429288960A4%k3t — 38419804160Ak5t
+ 698351616A4°k3t3 — 10190585856 A*k5t3 + 5577287270443k t3
— 135684965376A%k°t3 + 123805192224Ak*1t3)sinh[2kx]
+(—293339136043kt + 20875837440A4%k3t — 37141934080A4k5t
—132120576A%k3t3 + 2032140288A4%k>t3 — 1169023795243k 7 ¢3
+ 29818257408A4%k°t3 — 28460631072Ak* t3)sinh[4kx]
+(—1064304640A4%kt + 7373127680A%k3t — 12756725760Ak5t — 232783872A°k3t3
+ 3374579712A*k5t3 — 18339545088A4%k7t3 + 44283632640A4%k°t3
— 40086192864 Ak t3)sinh[6kx]
+(+73400320A43kt — 686817280A4%k3t + 15132876804kt + 6606028845k3t3
—1016070144A*k>t3 + 584368128043k7t% — 14898364416A%k°t3
+ 142101814084k t3)sinh[8kx]
+(162529280A43kt — 1197670400A%k3t + 21996544004kt + 13369344 A*k5t3
— 15084748843k t3 + 566774784A%k°t3
—709177440Ak*1t3)sinh[10kx]
+(34078720A43kt — 237240320A%k3tS + 410603520Ak5t + 958464 A3k7t3
— 7176192A%k°t3 + 13422432Ak*'t3)sinh[12kx]
+(2949120A4%k3t — 10711040A4k5t + 27648A4%k°t3 — 103776Ak* t3)sinh[14kx]
+ (512004k>t + 240Ak**¢3)sinh[16kx])

The solution of eq.(8) is given by ¢ (x,t) = Y7—o Ppp™ asp - 1i.e.

¢(x;y,t) = ¢0 +¢1 +¢2 + -
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Fig.1: Approx. ¢(x, t),

when 0 <t <60 and —20 < x < 20)
A=03375andk =0.3

Fig.2: Exact ¢p(x, t),

(when 0 <t <60 and —20 < x < 20)
A =0.3375,k=0.3andc = 0.00675

Tablel: The computed value of ¢(x,t) when = 0.3375, k = 0.3 and ¢ = 0.00675

Acc. HPTM ¢ (x,t)

Exact ¢p(x,t)

0.7621991222319221

0.7621991222319221

0.7621904404229183

0.7622078041562987

0.7621643963802982

0.7622338499294288

0.7621209942566095

0.7622772595513122

0.7454868179223733

0.7454868179223733

0.7462123374326297

0.7462274238746495

0.7469229304262485

0.7469843386248235

0.7476184932468035

0.7477590560061192

0.700041902121695

0.700041902121695

0.7013062102326961

0.7013154266166637

0.7025613302006107

0.7025988714125879

0.7038071220712073

0.7038931172919621

0.6366962019740304

0.6366962019740304

0.6382337291908284

0.638237036515011

0.6397678037619896

0.6397808969584535

W W WWININININ|R|R|RRO|O|CO|O|R
WIN|R[([OWIN(RIOCIWINR|IOC|WIN|FR O+

0.6412983136775822

0.6413274688998503
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Fouth order KdV equation: The generalized fourth order KdV equation is given as
oy p o) L % _
L@+ Dt () + 2 =0,

Example 2: Consider the fourth order KdV equation [20]:

% + 5y*(x, t) (glp) + M =0, yY(x,0) = Ay/sech[kx]
(12)
Closed form of solution of this equation is given by ¥ (x,t) = A \/sech[kx — ct], where A,

4k?

2(p+1)(p+2) k2 and c = L.

k,mand c are constants i.e. A = ——

On applying Laplace transformation to eq. (8), we have

4
Pe5) = <, y.0 _-1;{<a "’) + 59100 0) (5 ¢)}

13
Now operating Inverse Laplace transformation to eq. (9), we have -
Yo 0) = Y5 0) ~ L- { ef(55) +swcnn w)}}
(1)
Now apply HPM i.e. (x, t) = 3% 1y, (x, £)p™ eq.(10) reduces to
o hap" = $06,0) = £ {2 L{((Cico Y D) + Tiimo Frn™}
(15)

where H,, is accelerated He’s polynomial, where the initial couple of terms of H,, are

given as:
H10 = 51/J31/J0x1
Hiy = 20030, 1 + 30¥3 o T + 20oiorht + S5gax + 20 Y31ty
+ 30 Y5iviy + 20YoPis, + STy

On equating the term containing same power of p on the both sides of the eq. (11), we get
p°: Py = Y(x,0) = Ay/sech[kx],

pl: Yy, = —L1 {% L{(’#Oxxxx) + Hw}}

= —%Akt (sech[kx])®/2(531k3 — 308k3cosh[2kx] + k3cosh[4kx] —
160A*sinh[2kx])

1 ~
pz: 1/)2 = _L_l {; L{((:blxxxx) + Hll}}
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V2 = 559073755555 Akt (sech[kx])*7/?(~3136(~165043523008k°

+ 16384000000A4%*k*t*
— 1920000Ak?t%(8448 + 132128k*t + 1188257k8t?)
+ 25A48(159318016 + 2289025024k*t + 17262426624k8t>
+108377311168k'2t3 + 963602106943k°t*))cosh[kx]
+64(4863026756672k® + 6717440000004%*k*t*
— 32000004%k?t%(—30976 + 1519072k*t + 43093463k5t?)
+ 25A48(—5749932032 — 55249485824k*t — 60036478464 k5t>
+ 3467327894464k'?t3 + 85193975797735k°¢*) ) cosh[3kx]
+cosh[5kx](—4773747097600A48 + 71489784524800k°® + 5276067430400A%k*t
— 275670630400004%k?t% + 642187223040000A4%k5¢t>
— 5766289817600004%°k°t3 + 4576813931110400A4%k1%¢3
+ 29884416000000A4%*k*t* — 414905344000000A k1 0t*
— 81808084751344000A48k0t*)
+cosh[7kx](—1472410419200A4% — 53001547788288k® + 37933652377600A%k*t
— 24274534400000A%k?t? + 361919835340800A4%k8t>
— 499685785600004°k°t> — 1822064070041600A4%k*?¢3
—173015040000004%*k*t* + 3019111997440000A k1 0t*
+ 24090287406908800A4%k0t%)
+cosh[9kx](—35651584004% — 60358485792768k® + 24903837286400A%k*t
— 7308574720000Ak?t? — 6398140416000A48k8t?
+ 128564592640000A4k°t3 — 702079978086400A%k1?¢3
— —6815744000000A4%*k*t* — 1033824870400000A410k10¢*
— 3512886307024000A48k6t%)
+cosh[11kx](2602565632004% — 27999819982848k°® + 7227886796800A%k*t
+ 7654604800004 k?t% — 49772332646400A%k8t?
+22021406720000A°k®t3 + 340222452736000A4%k1%t3
+ 2621440000000A4%*k*t* + 101053603840000A4°k10t*
+210977173840000A48k*0t*
+cosh[13kx](143497625600A4% — 6529278343168k® + 4278321152004%k*t
+996147200000A°k?t? — 5563513651200A48k8t>
— 8463319040000A°k°®t3 — 33355564595200A48k12¢3
— 5328486400004k 1°t* — 2062888050400A4%k0t*)
+cosh[15kx](41471180800A% — 379814758400k® — 273691443200A%k*t +
1782579200004 k?t? + 1981188096000A4%k5t% + 222822400004 °kot3 +
250896332800A4%k'%t3 + 6963200004k 10t* + 787455280048k 10t*)
+cosh[17kx] (665845760048 + 149093439488k® — 51498188800A4%k*t
—9811968000A48%k8t% — 61649920048k '2t3 — 1287760048k 6t*)
+cosh[19kx] (47185920048 + 23660423168k® + 117964800A8k*t
+11059200A4%k8t? + 46080048k 12t3 + 720048k 10t*)
—399951872k%cosh[21kx] + 2048k®cosh[23kx]
+sinh[kx](—34213842124800A4%*k3 + 110960312320004"*kt
— 82868690452480A4%k7t + 240959225856000A4'2 k5>
— 757114111252480A%k1t? — 4550819840000042°k3t3
+315312210739200042k°t3 — 7639711671220160A4*k*5¢3
—10373169152000004%2°k7t* + 48287839591936000A42k13¢*
— 322533585638299420A4*k1t*)
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+sinh[3kx](—79894645309440A%k3 + 24591204352000A4%kt
—171632461004800A4*k”t + 430732738560000A42k>t?
—11822231063296004*k*1t? — 644349952000004%%k3¢3
+ 354286018560000042k°t3 — 5357215289709920A4%k5¢3
— 6537773056000004%°k7t* + 4604270261248000A % k13t
+ 1934369730217939704%*k1%t%)
+sinh[5kx](—79714733260800A%k3 + 21755854848000A4%kt
—1290725756928004*k”t + 200707670016000A? k>t?
—313923630474240A%k1t?> — 288358400000042°k3t3
— 869634588672000A42k°t3 + 4242626120298720A4*k15¢3
+ 68676812800000042°k7t* — 26883033676800000A42 k13t
— 696992561993844904*k1t%)
+sinh[7kx](—49893904220160A4*k3 + 10687086592000A42 kt
— 43219348684800A4%k”t — 39382941696000A % k5>
+ 225684893921280A4%k1t? + 271581184000004%°k3¢3
—13377153269760004%k°t3 + 715110983280000A4*k*>¢3
+ 1115619328000004%°k7t* + 13806624864256000A42 k13 ¢4
+ 14760095790469080A4*k°t*)
+sinh[9kx](—20052364492800A4%k3 + 2290089984000A4' 2kt + 1881565102080A4*k"t
— 7042026700800042k5t? + 106653797683200A4*k11t>
+ 1059061760000042°k3t3 + 109612007424000A42k°t3
—9970602618412804%k*5t3® — 1661403136000004%%k7 t*
— 2787708628992000A4'2k*3t* — 17058455045334004*k*°t*)
+sinh[11kx](—44254003200004*k3 — 5075107840004kt + 6422471024640A%k"t
— 19748093952000A4"%k5t? — 18050873464320A%k11t>
—16252928000004%°k3t3 + 162883977216000A%k°¢3
+ 230744166181200A4%k*5t3 + 254574592000004%°k 7 t*

+ 204633764864000A2k*3t* + 884052701731054%*k1%t%)
+sinh[13kx](—8102215680A4*k3 — 4907335680004kt + 16368187392004%*k"¢t
+ 1375469568000A4%k>t% — 8882368688640A4*k11t>
—1101004800000A4%°k3t3 — 24941740032000A4%k°t3

— 170490483760804%k*5t3 — 6881280000042k 7 t*
— 1564351488000A4'2k*3t* — 10304670344854*k°t*)
+sinh[15kx](293909299200A4%k3 — 13316915200042kt — 43517132800A4%k"t
+ 1017839616000A%k>t? + 1313229685760A4*k11t>
+ 12879052800042k°t3 + 1646790107204k *5¢3
+ 404096000042 k*3t* + 5151772010A4*k*°t%)
+sinh[17kx](74958766080A%k3 — 1363148800042kt — 49747148800A%k"t
— 255590400042k >t? — 9522119680A%k t> — 1597440004 %k°t3
—599207840A%k5t3 — 33280004 2k*3t* — 125260904*k*°t*)
+sinh[19kx](5750784000A4%k3 + 226140160A*k”t + 21322240A*k*1¢?
+ 890960A4*k15t3 + 13945A*k*°t*) + sinh[21kx](—206438400A4%k3
— 204800A4%*k7t — 12800A4*k11t% — 4004*k*5t3 — 54*kt*)

The solution of eq.(8) is given by ¥ (x,t) = Yr_oYpp™ asp - 1i.e.

YO,y t) =+ + Py + -
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Fig.3 : Approx. Y (x, t),
when 0 <t <60 and —20 < x < 20)
A=03375andk =0.3

Fig.4: Exact Y (x, t),
(when 0 <t <60 and —20 < x < 20)
A =0.3375,k =0.3and c = 0.00675

Table2: The computed value of ¥ (x,t) when = 0.3375, k = 0.3 and ¢ = 0.00675

Approx.y(x, t)

Exact Y (x, t)

0.3375

0.3375

0.3402227368080811

0.3374961557151493

0.3429377528101018

0.33748462347360261

0.3456445590601601

0.3374654051140983

0.3300998304905467

0.3300998304905467

0.3266697297056239

0.3304210888436061

0.3232275346847781

0.3307357377697871

0.3197729105029733

0.331043731370265

0.3099769273864128

0.3099769273864128

0.3067510450213727

0.3105367600797559

0.3035289513794303

0.3110925242846932

0.3003105684374207

0.3116441580298164

0.2819275985742345

0.2819275985742345

0.2842205067704839

0.28260841205267281

0.2865129025375428

0.2832876967076470

WIWWWINNNINRFRIRFRRIO|lO|O|O|R

WINIFPOWINIFPIOWNIRFPOWNIRFR O

0.2888047835614346

0.2839654029414195

5.Conclusion

In this paper, we have applied accelerated HPTM for the series solution of KdV equations of
order three and four. In these equations, the nonlinear term ¢*(x,t) (%) and
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(51/)4(36, t) (Z—f)) are handled with accelerated He’s polynomial. In Table 1 and table 2, we

have compared the approximate solution acquired from Accelerated HPTM upto second order
with the exact solution. We have used mathematica software 11.1 for plotting the surface
graph and calculated tabulated value.. Fig. 1,3 and 2,4 represents the surface graph obtained
from the computed value of ¢(x, t) and Y (x, t) and the exact value of ¢(x, t) and Y (x,t) for
constants A = 0.3375,k = 0.3 and c = 0.00675.As the solution obtained from the
proposed technique is close to the exact solution. Hence, we conclude that the accelerated
HPTM technique is reliable and efficient technique for solving such typical nonlinear PDEs.
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